This paper, third in a series of five, uses the geometric calculus on manifolds developed in previous papers to introduce through the concept of a metric extensor field g a metric structure for a smooth manifold M . The associated Christoffel operators, a notable decomposition of that object and the associated Levi-Civita connection field are given. The paper introduces also the concept of a geometrical structure for a manifold M as a triple (M, g, γ), where γ is a connection extensor field defining a parallelism structure for M . Next, the theory of metric compatible covariant derivatives is given and a relationship between the connection extensor fields and covariant derivatives of two deformed (metric compatible) geometrical structures (M, g, γ) and (M, η, γ ′ ) is determined.
Introduction
This is the third paper in a series of five. Here, using the geometric calculus on manifolds developed in previous papers [1, 2] we introduce in Section 2 a metric structure on a smooth manifold through the concept of a metric extensor field g. Christoffel operators and the associated Levi-Civita connection field are given. In Section 3 we introduce the notion of a geometrical structure for a manifold M as a triple (M, g, γ), where γ is a connection extensor field defining a parallelism structure for M and study the theory of metric compatible covariant derivatives. There, the relationship between the connection extensor fields and covariant derivatives corresponding to deformed (metric compatible) geometrical structures are given. The crucial result is Theorem 2. In section 4 we present our conclusions.
Metric Structure
Let U be an open subset 1 of U o . Any symmetric and non-degenerate smooth (1, 1)-extensor field on U, namely g, will be said to be a metric field on U. This means that g : U o → ext and right g-contracted products of X, Y ∈ M(U), namely X g Y ∈ M(U) and X g Y ∈ M(U). These products are defined by
(X g Y )(p) = X(p) g (p) (Y (p)), for each p ∈ U.
Note that in the above formulas g is the extended (extensor field) of g [3] . The g-Clifford product of X, Y ∈ M(U), namely X g Y ∈ M(U), is defined by the following axioms. For all f ∈ S(U), b ∈ V(U) and X, Y, Z ∈ M(U)
M(U) equipped with each one of the products ( 
Christoffel Operators
Given a metric structure (U, g) we can introduce the following two remarkable operators which map 3-uples of smooth vector fields into smooth scalar fields.
which is called the Christoffel operator of first kind. Of course, it is associated to (U, g).
which is called the Christoffel operator of second kind.
We summarize here some of the basic properties of the Christoffel operator of first kind.
i. For all f ∈ S(U), and a, a
These equations say that the Christoffel operator of the first kind has the linearity property which respect to the first and third smooth vector field variables.
ii. For all a, b, c ∈ V(U),
[a,
Levi-Civita Connection Field
Theorem. There exists a smooth (1, 2)-extensor field on U, namely ω 0 , such that the Christoffel operator of first kind can be written as
Such ω 0 is given by
Proof
and, by cycling the letters a, b and c, we get
A straightforward calculation yields
Now, by adding Eqs. (24), (25), (26) and Eqs.(27), (28), (29) we get
hence, by taking into account the symmetry property (n · ∂ o g)
On another side, a straightforward calculation yields
hence, it follows
Finally, putting Eq.(31) into Eq. (30), we get the required result. The smooth vector elementary 2-extensor field on U, namely λ, defined by
is a well-defined connection field on U. It will be called the Levi-Civita connection field on U. The open set U endowed with λ, namely (U, λ), will be said to be the Levi-Civita parallelism structure on U.
The a-DCDO's associated to (U, λ), namely D + a and D − a , are said to be Levi-Civita a-DCDO's. They are fundamentally defined by D
where Λ a is the generalized 2 (extensor field) of λ a . It should be noted that such a a-DCDO D + a satisfies the fundamental property
, for all a, b, c ∈ V(U).
2 We recall from [3] that the generalized of t ∈ ext
Eq.(35) follows immediately from Eq.(22) once we change c for g −1 (c) and take into account the definitions given by Eq.(9), Eq.(32) and Eq.(33).
We present now two remarkable properties of ω 0 .
i. For all a, b, c ∈ V(U) we have the cyclic property
Proof By recalling Eq.(31) used in the proof of Eq. (22) we can write
Now, by adding Eqs.(37), (38) and (39) we get
Then, by taking into account the symmetry property (n · ∂ o g) † = n · ∂ o g, the expected result immediately follows.
ii. ω 0 is just the g-gauge connection field associated to (U, λ), i.e.,
Proof By using the noticeable formulas:
We present now three remarkable properties of the Levi-Civita connection field λ.
i. λ is symmetric with respect to the interchanging of vector variables, i.e.,
Proof Let us take a, b, c ∈ V(U), we have
but, by interchanging the letters a and b, it holds
Now, subtracting Eq.(43) from Eq.(42), and taking into account Eq.(39) used in the proof of Eq.(36), we get
Then, by recalling the multivector identity
B ∈ 2 U o and v, w ∈ U o , and Eq.(36), the required result immediately follows by the non-degeneracy of the g-scalar product.
.
ii. The g-symmetric and g-skewsymmetric parts of λ a , namely λ a±(g) = 1 2 (λ a ± λ †(g) a ), are given by
Proof
We will calculate first the metric adjoint of λ a , namely λ †(g) a , by using the fundamental property [4] 
hence, by the non-degeneracy of the g-scalar product, it follows that
Now, we can get that
iii. The generalized of λ a , namely Λ a , is given by the following formula
where g and g −1 are extended of g and g −1 , respectively. Proof The above property is an immediate consequence of using the noticeable formulas:
, for all nonsingular smooth (1, 1)-extensor field τ, and (B ×
where B ∈ 2 U o and X ∈ U o .
Geometric Structure
A parallelism structure (U, γ) (see [2] ) is said to be compatible with a metric structure (U, g) if and only if
i.e., g
The open set U equipped with a connection field γ and a metric field g, namely (U, γ, g), such that (U, γ) is compatible with (U, g), will be said to be a geometric structure on U.
The Levi-Civita parallelism structure (U, λ), according to Eq.(44), is compatible with the metric structure (U, g), i.e., λ is g-compatible. It immediately follows that (U, λ, g) is a well-defined geometric structure on U.
Using the above results we have in any geometric structure (U, γ, g) a fundamental theorem. Theorem 1. There exists a smooth (1, 2)-extensor field on U, namely ω, such that
We give now three properties involving γ a and ω.
i. The g-symmetric and g-skew-symmetric parts of γ a , namely γ a±(g) = 1 2 (γ a ± γ † a ), are given by
ii. The generalized of γ a , namely Γ a , is given by
iii. ω is just the g-gauge connection field associated to (U, γ), i.e.,
Metric Compatible Covariant Derivatives
The pair of a-DCDO's associated to (U, γ), namely (∇
, is said to be metric compatible (or g-compatible, for short) if and only if
or equivalently, ∇
We emphasize that Eq. (53) Indeed, let us take b ∈ V(U), we have that
Now, if γ is g-compatible, by using Eq.(47) into Eq.(55), it follows that (∇ 
We now present some basic properties which are satisfied by a g-compatible pair of a-DCDO's, namely (D
where g and g −1 are the so-called extended of g and g −1 , respectively. Proof In order to prove the first statement we only need to check that for all f ∈ S(U) and
But, by using the fundamental property g(f ) = f, we get
And, by using the fundamental property g(
The second statement can be proved analogously.
Proof By Eq.(56) we have that for all X ∈ M(U)
iii. Ricci-like theorems. Let X, Y be a smooth multivector fields. Then,
Then, by substituting Y for g(Y ) and using Eq.(58), the first statement follows immediately. To prove get the second statement it is enough to substitute Y for g −1 (Y ) and once again use Eq.(58). , of smooth multivector fields
Proof We prove only the first statement. The other proof is analogous. Firstly, if * g is just(∧), then Eq. (61) is nothing more than the Leibnitz rule for the exterior product of smooth multivector fields i.e.,
As we know it is true.
and it follows that
Eq. (61) is nothing more than the Ricci-like theorem for D 
all X, Y, Z ∈ M(U), and Eq.(59) and Eq.(63). For instance, for the left g-contracted product we can indeed write
Hence, by the non-degeneracy of the g-scalar product, the Leibniz rule for ( g ) immediately follows, i.e., ) or (g-Clifford product ).
Analogously for *
In order to prove Eq.(61) whenever * g means ( g
), we only need to check that for all f ∈ S(U) and
The verification of Eq. (65) is trivial. To verify Eq.(66) we will use complete induction over the k smooth vector fields b 1 , . . . , b k .
Let us take b ∈ V(U), by using Eq. (64) and Eq. (63), we have
Now, let us b 1 , . . . , b k , b k+1 ∈ V(U). By using twice the inductive hypothesis and Eq.(67) we can write
From the theory of extensors ( [3] , [4] ) it follows that given a metric field g, there is a non-singular smooth (1, 1)-extensor field h such that
where η is an orthogonal metric field with the same signature as g. Such h will be said to be a gauge metric field for g. It might as well be asked whether there is any relationship between a g-compatible pair of a-DCDO's and a η-compatible pair of a-DCDO's. The answer is YES.
Theorem 2. Let h be a gauge metric field for g. For any g-compatible pair of a-DCDO's, namely (D
), there exists an unique η-compatible pair of a-DCDO's, namely (D
And reciprocally, given any η-compatible pair of a-DCDO's, say (D
there is an unique g-compatible pair of a-DCDO's, say (D
), such that the above formulas are satisfied.
), since h is a non-singular smooth (1, 1)-extensor field, we can indeed construct a well-defined pair of a-DCDO's, namely (
As defined above, (
).
But, we can easily see that 
In order to check the η-compatibility of (
This implies that By following analogous steps we can also prove that such a g-compatible pair of a-DCDO's satisfying Eq.(69) and Eq. (70) is just the h −1 -deformation of the η-compatible pair of a-DCDO's.
Conclusions
In this paper using the geometric calculus on manifolds developed in previous papers [1, 2] we introduce through the concept of a metric extensor field g a metric structure on a smooth manifold M. The associated Christoffel operators and Levi-Civita connection field are given. The concept of a geometrical structure for a manifold M as a triple (M, g, γ) , where γ is a connection extensor field defining a parallelism structure for M and the associated theory of metric compatible covariant derivatives is also introduced. Eventually the most important results of the present paper are: (i): the decomposition of the Levi-Civita operator of the first kind (Eq. (22)) and, (ii): the determination of a relationship between the connection extensor fields and covariant derivatives corresponding to deformed geometrical structures (Theorem 2). Those results combined with the results of the fourth and fifth papers on this series are important in the formulation of theories of the gravitational field, as we will show elsewhere.
